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ABSTRACT Analytical and numerical models were developed to describe fluorescence resonance energy transfer (RET) in
crowded biological membranes. It was assumed that fluorescent donors were linked to membrane proteins and that acceptors
were linked to membrane lipids. No restrictions were placed on the location of the donor within the protein or the partitioning
of acceptors between the two leaflets of the bilayer; however, acceptors were excluded from the area occupied by proteins.
Analytical equations were derived that give the average quantum yield of a donor at low protein concentrations. Monte Carlo
simulations were used to generate protein and lipid distributions that were linked numerically with RET equations to determine
the average quantum yield and the distribution of donor fluorescence lifetimes at high protein concentrations, up to 50% area
fraction. The Monte Carlo results show such crowding always reduces the quantum yield, probably because crowding increases
acceptor concentrations near donor-bearing proteins; the magnitude of the reduction increases monotonically with protein
concentration. The Monte Carlo results also show that the distribution of fluorescence lifetimes can differ markedly, even for
systems possessing the same average lifetime. The dependence of energy transfer on acceptor concentration, protein radius,
donor position within the protein, and the fraction of acceptors in each leaflet was also examined. The model and results are
directly applicable to the analysis of RET data obtained from biological membranes; their application should result in a more
complete and accurate determination of the structures of membrane components.
INTRODUCTION
Fluorescence resonance energy transfer (RET) is widely used
as a "spectroscopic ruler" to determine submicroscopic (10-
100 A) associations and distances in biological samples
(Stryer, 1978; Fairclough and Cantor, 1978; Eftink, 1991).
For example, RET has been used to monitor binding reac-
tions, protein folding, and phase transitions, as well as to map
intra- and intermolecular distances between labeled sites in
macromolecular assemblies (Stryer, 1978; Eftink, 1991).
Distance measurement using RET exploits the fact that the
transfer of excited-state energy from a single fluorescent do-
nor to a single acceptor depends on the inverse sixth power
of the separation between donor and acceptor. Therefore,
donor/acceptor separation can be deduced from the effi-
ciency of energy transfer.
Unfortunately, in some biological samples, energy transfer
occurs simultaneously between donor/acceptor pairs having
different separations, greatly complicating data interpreta-
tion. For example, in studies of biological membranes, the
donor is typically a fluorescently labeled protein that is ca-
pable of transferring energy to many lipophilic acceptors,
each at a different distance from the protein. In this case, a
model must be used to quantify the relationship between the
observed energy transfer efficiency and the distribution of
donor/acceptor distances. Analytical approximations for
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RET efficiencies in membranes have been derived using
models that assume that the lipophilic probes distribute uni-
formly in the plane of the membrane and that the donor is
attached to a single protein at a point located in the plane of
the membrane (Wolber and Hudson, 1979) or at some fixed
distance above the membrane (Shaklai et aI., 1977;
Kleinfeld, 1985; Yguerabide, 1994). Analytical solutions for
other configurations, which are intended to model energy
transfer between lipid bilayers and between vesicles, have
also been derived (Koppel et aI., 1979; Dewey and Hammes,
1980).
In biological membranes, a significant fraction of mem-
brane area (-20-50%) is typically occupied by proteins
(Saxton, 1989), and the assumption of uniform lipid distri-
bution implicit in the above models is violated. Descriptions
of RET in biological membranes must quantify these non-
uniformities and incorporate them into a more realistic
model. Unfortunately, these generalized models are not ame-
nable to purely analytical solutions; instead, numerical tech-
niques such as Monte Carlo simulations must be used to
describe the nonuniformities in lipid and protein distribution
and then the numerical data used to calculate energy transfer
efficiencies. Several studies have examined the special case
in which acceptors are excluded from protein aggregates con-
taining donors (Gutierrez-Merino, 1981; Dewey and Data,
1989; Kubitscheck et aI., 1993); however, treatment of the
aggregates requires specific geometrical modeling and
the acceptors are assumed to be distributed uniformly away
from the aggregates. Snyder and Freire (1982) attempted a
more general solution involving nonuniform donors and ac-
ceptors, but their approach was later shown (Jan et aI., 1984)
to be valid only under very restrictive (nonequilibrium) con-
ditions not representative of membranes.
Zimet et al. Energy Transfer in Biological Membranes 1593
Both the donor quantum yield and donor fluorescence life-
time can be derived from Eq. 3. It is customary to focus on
the change in donor properties induced by energy transfer;
thus, relative quantum yields and fluorescence lifetimes are
determined as ratios of values in the presence and absence
of energy transfer. The relative quantum yield for a single
donor, qr' is given by
In this work, we have used Monte Carlo techniques to
simulate a fluid membrane in which donor fluorophores are
linked at arbitrary positions to membrane proteins and in
which acceptor fluorophores are linked to lipids in one or
both leaflets of the membrane bilayer. Monte Carlo simu-
lations were used to generate the equilibrated coordinates of
the donors and acceptors; estimates of RET quenching ratios
and lifetime distributions were calculated directly from these
coordinates. These results are compared with those obtained
from an analytical model capable of describing energy trans-
fer from an arbitrarily located donor to uniformly distributed
acceptors at low protein concentrations.
qDA J~ PDA(t) dt/J~ Po(t) dt
qr =q;; = J~ PD(t) dt/J~ poet) dt
~f+k _[1+~(Ro)6]-1
f + k + kET - ;=1 rj
(4)
THEORY
Equations for donor quantum yield and lifetime
where f describes the rate of intrinsic (radiative) decay, k
describes the rate of competing (nonradiative) processes in-
cluding intersystem crossing and quenching, and kET de-
scribes the rate of energy transfer. The functional form for
kET was derived by Forster (1948) for weak dipole-dipole
coupling between donor and acceptor, and is given by
(6)
(5)[ ( )6]-11 Nn 1 Nn NA RQr =N 2.- qrj =N 2.- 1+ 2.- r~
D j=1 D j=1 ;=1 1)
[ ( )6]-11 Nn NA R=-2.- 1+2.- ~ND j~1 ;=1 r jj
Note that the relative quantum yield equals the relative donor
lifetime, Qr = 'Tr•
Eqs. 5 and 6 for the donor quantum yield and fluorescence
lifetime are exact, assuming several mild conditions are met.
First, the number offluorophores in the excited state at any given
time must be small compared to the total number of fluoro-
phores. In this case, there will be no competition between donors
for transfer to a given acceptor, and all acceptors will be con-
tinuously available for transfer. This is generally the case in fluo-
rescence measurements. Second, energy transfer must occur
nonradiatively and without reversible transfer from acceptors to
donors. Third, the number of proteins labeled with donor must
be sufficiently small that donor-donor transfer can be neglected.
Finally, the value of Ro must be identical and unchanging for
each donor/acceptor pair, corresponding to energy transfer in
either the static or dynamic limit. (This constraint can be relaxed
in our numerical model, if an appropriate model of donor and
acceptor orientation is available.)
Ensemble averages
RET experiments generally involve the measurement of Qr
or 'Tr as a function of acceptor concentration. To deduce
donor-to-acceptor distances from RET measurements, a
model is used to predict donor and acceptor positions and
then to evaluate Eqs. 5 and 6; the validity of the model is
where PDA(t) describes donor decay in the presence of ac-
ceptors, PD(t) in the absence of acceptors, and Po(t) in the
absence of nonradiative pathways (Le., when k = kET = 0).
IfND donors are present, the average quantum yield, Qr' can
be determined by averaging Eq. 4 over each donor to give
The relative donor lifetime can be found in similar fashion,
yielding
'T = ~ ~ 'TDA,j =~ ~ [J~ tPDA(t) dt/J~ PDA(t) dt]j
r ND j=1 'TD,j ND j~1 [J~ tPD(t) dt/J~ PD(t) dt]j
(1)
(3)
(2)
= exp(- ~)n exp[- (~) (Ro )6]
'TD ;=1 'TD rj
P(t) = exp[-(f + k + kET)t]
Here 'TD = 1/(f + k) is the donor lifetime in the absence of
acceptors, NA is the number of acceptors, r j is the separation
between the donor and acceptor i, and Ro is the Forster dis-
tance, the separation at which 50% of excited state decay
proceeds through energy transfer (Le., the separation at
which kET = l/'TD). The solution of Eq. 1 is
In an RET experiment, a donor molecule is excited from its
ground state into its first excited state by the absorption of
a photon. The excited-state energy can be lost through a
variety of mechanisms, including production of a photon
(fluorescence), quenching, intersystem crossing, and energy
transfer (Lakowicz, 1983). The rate of decay of the excited
state, P(t), through these mechanisms can be described by a
simple first-order differential equation
Fluorescence RET refers to the transfer of excited-state en-
ergy from a fluorescent donor to an acceptor. Energy transfer
provides a route for depopulating the excited state of the
donor and so reduces both the donor quantum yield and donor
fluorescence lifetime. Theories of energy transfer relate the
reduction in quantum yield and lifetime to interesting physi-
cal properties of the system, including intra- and intermo-
lecular distances.
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number/Ro2) in leaflet I, oy(a, x) is the incomplete gamma
function defined by the variable-limit integral
oy(a, x) = J,xr-1e- t dt
FIGURE 1 Model and coordinate system used in energy transfer calcu-
lations. (A) Perspective view. The donor (*) is attached to a cylindrical
protein whose principal axis is assumed to be normal to the plane of the
bilayer. The acceptors (.) are distributed within one or both leaflets of the
bilayer. (B) Top view. Donor/acceptor separations were characterized by a
distance, r, and a polar angle, 9. In the single-donor (absence of crowding)
case, acceptors were commed to an armulus bounded by Rp and Rd' In the
multiple-donor (presence of crowding) case, acceptors and donors were
confmed to a square cell.
and a and {3 are combinations of geometrical parameters
a l = {Hf + R~[e cos fJ - (1 - e2sin2fJ)1J2]P/Rg (8c)
{3. = (Hf + R~)/R~ (Sd)
with HI = H for one leaflet and H + L for the other. The
derivation of Eq. 8 is given in the Appendix.
Simpler versions of Eq. 8 describe energy transfer in sys-
tems in which only one leaflet contains acceptors or in which
the eccentricity in donor position is O. If both of these con-
ditions are met, Eq. 8 can be rewritten as a single integral
(7)Q = f··· f Qr({r})exp[ -U({r})/kBTJ dr1 ••• drN
< r) f"'fexp[-U({r})/kBTJdr1"'drN
Eq. 7 can seldom be simplified. Instead, numerical estimates of
(Qr> must be found using Monte Carlo simulations (Hansen and
McDonald, 1986). In this approach, an "importance sampling"
algorithm is used to generate configurations with probabilities
given by the Boltzmann factor. Ensemble-averaged values of Qr
are then determined by computing Qrfor each configuration so
generated, and then directly averaging the result without further
weighting. Energetically favored ("important") configurations
appear most often and so contnbute most heavily to the average.
Details of the Monte Carlo algorithm are given under Methods.
assessed by comparing theoretical and experimental results.
In membrane systems, donor and acceptor positions fluctu-
ate; Eqs. 5 and 6 must then be ensemble averaged over the
statistical distributions of donors and acceptors.
Ensemble averaging can be performed two ways using
statistical mechanics: analytically, or numerically by Monte
Carlo simulation. If the averaging is performed in the ca-
nonical ensemble, the probability of each possible configu-
ration of donors and acceptors can be assumed to be pro-
portional to the Boltzmann factor, exp[ - U({r})/kBTJ. Here
kB is Boltzmann's constant, T is the temperature, and
U({r}) is an energy function that describes the interactions
among membrane components located at positions r1
through rN" Analytical values of (Qr> or (Tr>are found by
integrating the variable of interest, weighted by the Boltz-
mann factor, over all possible configurations; here ( >
denotes an ensemble average. For example,
Analytical expressions for slngle-donor
energy transfer
For a single volume-excluding fluorescent donor and ran-
domly distributed noninteracting acceptors, it is possible to
derive an analytical expression for (Q,). The derivation of
this equation is given in the Appendix; the associated model
is shown in Fig. 1. The donor (*) is fixed to a cylindrical
protein of radius Rp at a height H and a distance ERp from the
protein axis, where e is referred to as the eccentricity. Ac-
ceptors are attached to lipids represented as points confmed
to one or two planes (leaflets) normal to the protein axis. For
a single layer of acceptors, the limiting case H = 0 corre-
sponds to the donor lying within the plane of the acceptors,
while the case Rp = 0 corresponds to the acceptors not being
restricted from any region of the membrane.
The relative quantum yield for the single-donor case is
given by
where CTI is the acceptor concentration (in units of acceptor
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a = (lP + R;)3/R8 (9b)
IfH = 0, Eq. 9 is identical to an expression originally derived
by Wolber and Hudson (1979) to describe energy transfer
between coplanar donor and acceptors. Eq. 9 must still be
evaluated numerically, although exponential fits (Wolber
and Hudson, 1979) and continued-fraction approximants
(Dewey and Hammes, 1980) have been derived to describe
certain limiting cases.
METHODS
Energy transfer in the absence of
protein crowding
Single-donor energy transfer in the absence of crowding was studied both
analytically and numerically. Analytical expressions, Eqs. 8 and 9, were
evaluated using Mathematica (Wolfram Research Inc., Champaign, IL).
Numerical simulations were performed by choosing acceptor positions at
random within an annulus bounded by Rp and Rd; see Fig. 1. The inner cutoff
represents the protein diameter, whereas the outer cutoff represents the
physical extent of the membrane, which was always taken to be >6Ro' The
relative quantum yield, (Q,), was then computed from acceptor and donor
coordinates using Eq. 4. This process was repeated and the results averaged
using Eq. 5 until the standard deviation in (Qr) was <1%.
Energy transfer in the presence of
protein crOWding
Energy transfer in the presence ofcrowding was studied using a Monte Carlo
approach. This procedure yields "snapshots" of donor and acceptor posi-
tions, from which the relative quantum yield and distribution of donor life-
times can be determined by direct evaluation of Eqs. 4-6.
Protein coordinates were generated using the standard Metropolis et aI.
(1953) Monte Carlo algorithm. Simulations were performed on 256 proteins
in a square cell; the size of the cell determined the protein concentration.
Edge effects were avoided by using permeable cell boundaries and periodic
boundary conditions (Hansen and McDonald, 1986). "Equilibrated" protein
configurations were generated by randomly perturbing protein positions and
accepting new positions that did not lead to overlap with other proteins. This
approach yields protein coordinates indistinguishable from those in a physi-
cal system in which proteins interact through excluded-volume interactions.
The proteins were initially equilibrated for 50,000 Monte Carlo cycles; a
cycle corresponds to one sequentially attempted move of each protein. After
the equilibration steps, a series of 500 coordinate sets was generated, each
separated from the last by 100 cycles. This process was repeated for each
protein concentration used.
Energy transfer calculations for a given protein concentration were per-
formed on randomly chosen subsets of these 500 coordinate sets. First, a
coordinate set was chosen, and donor positions within the proteins were
assigned at a fixed distance ERp from the protein center and at random angles
between 0 and 2'lT. Next, acceptor coordinates were chosen randomly, as in
the single-donor case. The acceptors were treated as points, but were re-
stricted from overlapping with the donor disks. Acceptors were confined to
a single plane or divided between two planes, corresponding to a bilayer
labeled on one or both leaflets, respectively. Finally, from the generated
coordinates, the relative quantum yield, q" of each donor in the ensemble
was calculated using Eq. 4. The summation in Eq. 4 was performed over
all acceptors within the cell; the side length of the cell was always >6Ro'
Since q'J = "T'J the distribution of fluorescence lifetimes in the system could
be determined by constructing a histogram ofq, values. The values ofq, were
averaged using Eq. 5 to obtain (Q,). This process was repeated for enough
protein configurations to bring the standard deviation in (Q,) below 1%; this
required 6,400-25,600 estimates. This procedure was repeated for each
choice of Rp, u, H, and E.
The statistical distribution of proteins and acceptors in the presence of
crowding was summarized using the radial distribution function, g(r).
Radial distribution functions were computed by averaging the interparticle
separations in the coordinate sets over discrete bins; details of the algorithm
are described elsewhere (Abney and Scalettar, 1993). Distribution functions
served two purposes. First, they were compared with limiting-case analytical
expressions to test the Monte Carlo algorithm. Second, they provide insight
into donor and acceptor distribution that is necessary to interpret the RET
results.
RESULTS
In this section, we examine the dependence of (Q,) and 'Tr on
1) acceptor concentration, 2) protein concentration, 3) pro-
tein radius, 4) donor position within the protein, and 5) one-
versus two-leaflet labeling. For convenience, Rp and Hare
normalized by the Forster distance, Ro, and (T is normalized
by Ro2• Acceptor concentrations are reported per total mem-
brane area, not total lipid area; thus, for a given acceptor
concentration, there are the same number ofacceptors in each
system, independent of protein concentration.
Energy transfer in the absence of
protein crOWding
Single-donor energy transfer in the absence ofcrowding was
calculated analytically, using Eqs. 8 and 9, and numerically,
using Monte Carlo simulations. In this case, lipids are only
excluded from that portion ofthe membrane occupied by the
single protein bearing the donor.
Centrally located donor
If the donor is located at the center of the protein (i.e.,
E = 0), then the relative quantum yield, (Qr)' will depend
only on the acceptor concentration, (T, and the distance of
closest approach between donor and acceptors, Re ==
(R/ + lP)1/2. Fig. 2 shows that the quantum yield de-
creases monotonically as the acceptor concentration in-
creases and as the distance between donor and acceptors
decreases. Results derived from the analytical and Monte
Carlo approaches are in agreement.
These exact results were compared with two analytical
approximations describing single-donor energy transfer; see
Fig. 2. These approximations are commonly used in place of
Eq. 9 because they do not require numerical integration. The
first approximation is a two-exponential fit to Eq. 9 (Eq. 17
and Table I; Wolber and Hudson, 1979). This expression is
valid for (T < 0.5 and Re < 1.3 Ro, but it significantly over-
estimates the transfer efficiency outside this range. The sec-
ond approximation is a third-order analytical approximant to
Eq. 9, originally derived for point-to-plane transfer (Eqs. 22-
24; Dewey and Hammes, 1980). This expression is valid for
Re > 1.0; outside this range the expression overestimates the
transfer efficiency for small (T and significantly underesti-
mates the transfer efficiency for larger (T. Note that, although
neither analytical expression is valid for all (T and Rp' the two
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FIGURE 3 Relative quantum yield for energy transfer from an eccentri-
cally located donor as a function of eccentricity in donor location. (A)
Quantum yields for 0% area fraction. Values obtained from the analytical
expression, Eq. 8(1 = 1); are denoted by X. Values obtained from numerical
simulations are connected by the solid lines. (B) Quantum yields for 50%
area fraction. Results were obtained by Monte Carlo simulation. In both
panels, H = 0 and (J" = 0.5. Under some experimental situations, a donor
may extend beyond the radius of a cylindrical protein; an example would
be a donor attached to a narrow tether. To describe such situations, values
of (Q,) corresponding to € > 1 have been included in the plot. However,
because it was assumed during the Monte Carlo simulations that proteins
were cylindrical, excluded-volume interactions among portions of pro-
teins that extend beyond Rp when € > 1 were implicitly neglected.
of two new variables: the fraction of the total acceptor con-
centration in each leaflet, and the leaflet-leaflet separation.
The leaflet-leaflet separation is determined by the portion of
the lipid to which the label is attached. Fig. 4 shows quantum
yield as a function of leaflet separation. When the leaflet-
leaflet separation is zero, the quantum yield is equal to that
for a single leaflet with the combined acceptor concentration.
When the leaflet-leaflet separation is very large, the quantum
yield is determined only by energy transfer to the closer leaf-
let. Because energy transfer falls off as the inverse sixth
power of the donor/acceptor separation, energy transfer at
intermediate separations is dominated by the closer leaflet.
Note that calculation of the quantum yield requires simul-
taneous consideration of both leaflets; it is not possible to
obtain the two-leaflet result simply by combining quantum
yields for two independent leaflets at different separations,
as is evident by an examination of Eq. 8. Two-leaflet results
FIGURE 2 Relative quantum yield for energy transfer from a single cen-
trally located donor as a function of acceptor concentration. Values obtained
from the analytical expression, Eq. 9, are denoted by x. Values obtained
from numerical simulations, using only a single donor and 256 acceptors,
are connected by solid lines; numerical values were obtained every (J" = 0.1.
Note that transfer efficiency depends on R, == (R/ + H2)1I2; (Q,) will be the
same for any combination of Rp and H that gives the same value of R,. For
comparison, results derived in two previous studies are also plotted. Values
obtained from a third-order analytical approximant (Dewey and Hammes,
1980) for Rp = 1.0, 1.5, and 2.0 are connected by dashed lines. Values
obtained from a two-exponential fit to Eq. 9 (Wolber and Hudson, 1979) for
Rp = 0.0, 0.5, and 1.0 are connected by dotted lines. Note that many of the
approximate results are hidden beneath the solid line due to their close
agreement with the numerical results. The third-order approximant under-
estimates energy transfer for small R" whereas the two-exponential fit over-
estimates energy transfer for large R,. The error in the third-order approxi-
mant is ~160% for R, = 0.5 and (J" = 1; the error in the two-exponential
fit is ~10% for R, = 1.3 and (J" = 1.
expressions are complementary and can be combined to give
a reasonable description of energy transfer over the range of
conditions plotted in Fig. 2.
Eccentrically located donor
In most experimental situations, the donor is not located pre-
cisely at the center of the protein (Le., E ~ 0). The relative
quantum yield then depends on 0", Rp' H, and E; it is no longer
possible to subsume the dependence on Rp and H into the
single variable Re• Fig. 3 A shows that the quantum yield
decreases as the donor gets closer to the edge of the protein
(i.e., as E increases). Results derived from the analytical and
Monte Carlo approaches are in good agreement, although
there is a small «7%) disparity when Rp and E are both large.
Two-leaflet labeling
In some experimental situations, acceptors may be deliber-
ately or inadvertently introduced into both leaflets of the
bilayer. Acceptors may be deliberately introduced to provide
data from a different geometric configuration that can
complement single-leaflet data. Alternatively, acceptors may
be inadvertently introduced due to acceptor flip-flop or if
both sides of the membrane are accessible during labeling.
The description of two-leaflet labeling requires consideration
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FIGURE 4 Relative quantum yield for energy transfer to acceptors in two
leaflets as a function of leaflet separation. Results are shown for Rp = 0.5,
H = 0, and u = 0.2, 0.6, and 1.0 as indicated; acceptors are partitioned
equally between the two leaflets. Values obtained from the analytical ex-
pression, Eq. 8 (I = 2), are denoted by x. Values obtained from numerical
simulations (under identical conditions) are connected by the solid lines.
These analytical and numerical results describe single-donor transfer in the
absence of protein crowding. Also shown (.) are results describing energy
transfer in the presence of crowding (Ar = 50%) for L = 1.0 and u as
indicated; quantum yields for area fractions between 0 and 50% lie between
these two values. 8765
donor-acceptor
3 4
r I Rp
donor-donor
2
O+----+----l--~-~-~~-~-~----..,
o
g(r)
A 3 AF 500/0
40
2 30
20
g(r) 10
0
0
B 2
L::;:..
g(r) 1
_.-::.::..-
0
C 3
2.01.5
cr = 0.2
x x
0.6
-x x
1.0
x x
1
0.8
0.6x X~
(Qr) 1
0.4 ~:_- --
0.21~
x
o J---r--------r--,........----r----.----.----r------,
0.0 0.5 1.0
L
derived here from both analytical and numerical approaches
are in agreement.
Radial distribution functions
The single-donor model neglects a universal characteristic of
biological membranes: the high concentration of membrane
proteins. Crowding at high protein concentrations influences
the organization of membrane proteins and lipids, which in
tum influences the extent of energy transfer. In this section,
the effects of crowding on protein and acceptor distribution
are briefly reviewed.
If the membrane behaves like a simple fluid, then the rela-
tive positions of membrane proteins and lipids can be sta-
tistically summarized using distribution functions (Abney
and Scalettar, 1993). The relative positions of pairs of mol-
ecules within the membrane are described by the radial dis-
tribution function, g(r). The radial distribution function gives
a measure of the probability of finding a second particle at
a distance r from a given fIrst particle. Fig. 5 A shows g(r)
for hard-disk proteins in the coordinate sets used in subse-
quent calculations of quantum yield and lifetime. The dis-
tribution functions show that relative protein positions are
sensitive functions of protein concentration. As protein con-
centration is increased, coordination shells build around each
protein, and the average interprotein spacing decreases. This
latter effect can be attributed to an effective protein-protein
force. The highest values of g(r) are obtained at protein-
protein separations corresponding to contact; these values
agree to within 2% with previously published contact values
FIGURE 5 Radial distribution functions of donors and acceptors. (A)
Monte Carlo generated distributions of donors. Data were averaged over
discrete bins of width 0.1 Rp• The radial distribution function measures the
probability of finding a particle at a distance r from a given particle. At small
separations, less than the excluded-volume diameter, the probability of find-
ing a second particle is 0 (g(r) = 0). At large separations, the probability
of finding a second particle is random (g(r) = 1), as there are no long-range
correlations in fluids. At intermediate separations, there are coordination
shells corresponding to regions of enhanced (g(r) > 1) and diminished (g(r)
< 1) probabilities of finding a second particle. The radial distribution func-
tion depends on the interparticle force, the temperature, and the particle
concentration. At low particle concentrations, correlations in particle po-
sitions are weak and g(r) "'" 1 for all separations. However, at high particle
concentrations, such as those typical of biological membranes, correlations
in particle positions are strong and g(r) can display several coordination
shells. (B) Monte Carlo generated distributions of acceptors. The distribu-
tion functions reflect the probability of finding an acceptor at a distance r
from a given donor. Binning was identical to that used in (A). (C) Corre-
lations between donor and acceptor distributions. This figure compares the
radial distribution functions for donors and acceptors at 50% area fraction
protein. Note that acceptor and donor positions are negatively correlated.
based on analytical theory (Abney et aI., 1989), confirming
that the Monte Carlo algorithm was implemented correctly.
Fig. 5 B shows g(r) for the acceptors relative to a protein
in the same coordinate sets. These curves indicate that ac-
ceptor positions are also sensitive to protein concentration
and that acceptors are arrayed in coordination shells around
the proteins. Fig. 5 C shows that lipid and protein positions
are anticorrelated: annuli with high protein concentrations
have low lipid concentrations, and vice versa. At small sepa-
rations corresponding to contact, both lipid and protein con-
centrations are enhanced. However, since the peaks in the
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two distribution functions fall at different separations, lipid
and protein concentrations are not simultaneously enhanced.
Centrally located donor
When crowding is important, energy transfer is no longer a
simple function of the distance of closest approach between
donor and acceptor; instead, donor height and radius must be
considered separately. This distinction becomes necessary
because crowding introduces correlations in acceptor posi-
tions that scale with protein radius but not with donor height.
Consider first donor-in-plane transfer (H = 0). Fig. 6 A
shows that the quantum yield decreases with increasing ac-
ceptor concentration and decreasing protein radius, as in
the single-donor case. In addition, the quantum yield also
decreases with increasing protein concentration. The
magnitude of this decrease depends on protein radius, as
shown in Fig. 6 B. The absolute difference in quantum
yield between systems at 0% and 50% area fraction, defined
as [(Q,)(O%) - (Q,)(50%)], starts at 0 for Rp = 0, rises to
a maximum for Rp - Ro, and then decays toward 0 as
Rp ~ 00. In contrast, the relative difference in quantum
yield, defined as [(Q,)(O%) - (Q,)(50%)]/[1 - (Q,)(O%)],
increases monotonically over the range of radii examined,
with no evidence of a maximum. Hence, crowding con-
tributes a more significant fraction of the change in (Q,)
at larger protein radii.
The dependence ofquantum yield on protein crowding and
protein size can be understood in terms of acceptor distri-
bution (see Fig. 5). Since nearby acceptors contribute most
heavily to the decrease in quantum yield, crowding always
enhances energy transfer because it always enhances the
number of acceptors near the donor. The degree of enhance-
ment depends on protein size because correlations in protein
and acceptor positions are dictated by Rp and not by Ro' and
because contributions to (Q,) fall off very quickly with in-
creasing 7. For small proteins, there is little change in (Q,)
because the small coordination shells contain relatively few
acceptors, even when enhanced by crowding. Furthermore,
energy is transferred to acceptors in several coordination
shells and intervening troughs, so that the integrated con-
tribution is similar to that from a uniform distribution. For
large proteins, there is little absolute change in (Q,) because
there is little energy transfer at large distances. However,
there is a significant relative change because essentially only
the first annulus contributes to (Q,), and the number of ac-
ceptors in this large annulus is considerably enhanced by
crowding. Finally, when the protein is of intermediate size
(Rp = Ro), the first shell is large enough to contain significant
numbers of acceptors and close enough to contribute sig-
nificantly to the quantum yield, leading to a maximum in the
absolute enhancement in energy transfer.
Consider next donor-off-plane transfer (H > 0). Fig. 6 C
shows that the quantum yield decreases with decreasing do-
nor height and increasing area fraction. Qualitatively, the
dependence on donor height is similar to the dependence on
protein radius discussed above, with one significant differ-
ence. The absolute difference in quantum yield between sys-
tems at 0% and 50% area fraction displayed a maximum for
increasing Rp• In contrast, this difference decreases mono-
tonically for increasing H. The disparity arises because an
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Energy transfer in the presence of
protein crowding
The single-donor case can be contrasted with energy transfer
between donors and acceptors whose distribution is per-
turbed by excluded-volume interactions; see Fig. 6.
FIGURE 6 Relative quantum yield for energy transfer from a centrally
located donor in the presence of excluded-volume protein-protein interac-
tions. (A) Relative quantum yield as a function of acceptor concentration.
Values were obtained every u = 0.1 for H = 0 and Rp and A f as indicated.
(B) Relative quantum yield as a function of protein radius. Values were
obtained every Rp = 0.2 for u = 0.5 and Hand A f as indicated. (C) Relative
quantum yield as a function of donor height above the membrane. Values
were obtained every H = 0.2 for u = 0.5 and Rp and A f as indicated. Under
all conditions displayed here, crowding acts to decrease quantum yield. Note
also that crowding breaks the symmetry between Hand Rp that is manifest
at 0% area fraction.
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increase in H simply increases the distance between donor
and acceptor, reducing energy transfer, whereas an increase
in R changes the scaling of the correlations in acceptor dis-trib~tion, bringing into play the competing factors discussed
above. For this same reason, in the presence of crowding,
(Qr) is no longer a function only of Re == (Rp2 + W)1/2,
as it is in the absence of crowding. Instead, (Qr) depends
on the precise combination of R p and H. For example,
for Re =2, (Qr)(H=2, Rp=O) > (Qr)(H=V2, Rp= V2) >
(Qr)(H=O, Rp=2).
Eccentrically located donor
Next consider the general case of energy transfer from an
eccentrically placed donor (E # 0). Fig. 3 B shows that quan-
tum yield decreases with increasing donor eccentricity and
decreasing protein radius, again in qualitative agreement
with the single-donor case. A comparison of Fig. 3, A and B
shows that the quantum yield also decreases with increasing
protein concentration. This occurs because higher protein
concentrations lead to higher acceptor concentrations near
the edge of the protein, enhancing energy transfer and re-
ducing quantum yield. Again, the magnitude of this enhance-
ment depends on protein size and reflects the differences in
scaling between size and distribution. Most interestingly, for
proteins of intermediate size (Rp = Ro), energy transfer can
be enhanced over energy transfer from both larger and
smaller proteins, as manifest in the crossover in the energy
curves for E = 1 in Fig. 3 B. The crossover reflects an in-
terplay between positional correlations that scale with Rp and
transfer efficiencies that scale with Ro' as was described for
the central donor.
Two-leaflet labeling
The qualitative features of energy transfer to two leaflets of
acceptors are not significantly altered by crowding; see Fig.
4. Most transfer again occurs to acceptors in the closer leaflet.
The primary difference in the presence of crowding is that
changes in L, like changes in H, do not lead to a rescaling
in acceptor distribution, while changes in Rp do.
Lifetime distributions
Because the average quantum yield in the presence of energy
transfer depends on many variables including donor geom-
etry and donor/acceptor distribution, it is possible for dif-
ferent experimental conditions to give rise to the same av-
erage quantum yield. This has important experimental
consequences, because a single measurement of average
quantum yield may not distinguish between the different
combinations of variables that can lead to the same (QJ In
principle, this difficulty could be overcome by experimen-
tally perturbing some variable, such as acceptor concentra-
tion, and then using a model to predict what overall set of
conditions would give rise to any observed changes. An al-
ternative approach might involve measurement of the fluo-
FIGURE 7 Distribution of relative fluorescence lifetimes. Plot shows the
distribution of relative fluorescence lifetimes associated with two energy
transfer scenarios possessing the same average lifetime, 0.47, as indicated
by the arrow. Data are divided into bins of width 0.01 and correspond to E
= 0, u = 0.5, and either (-) Af = 0.1, Rp = 0.2, and H = 0.8 or (_. --)
A f = 0,5, Rp = 1.0, and H = 0, Histograms are normalized such that the
total integrated probability equals unity.
rescence lifetime, in addition to the quantum yield. Unfor-
tunately, measurement of the average lifetime will not
provide additional information, because the average lifetime
is equal to the average quantum yield (see Eqs. 5 and 6).
However, an analysis of the distribution of fluorescence
lifetimes, instead of just the average lifetime, may dis-
tinguish between different scenarios possessing the same
average lifetime.
Fig. 7 shows the distribution of lifetimes for two sys-
tems differing significantly in protein concentration (A f
= 0.1 vs. 0.5), protein size (Rp = 0.2 vs. 1.0), and donor
height (H = 0.8 vs. 0). Both systems possess the same
average lifetime, but nonetheless display significantly
different lifetime distributions. These distributions can be
computed from the simulation data used in the compu-
tation of average quantum yields. The average lifetimes
(or average quantum yields) presented in Figs. 2-4 and
6 were determined by computing the lifetime of each do-
nor for each donor/acceptor configuration, and then av-
eraging the results. If instead of averaging these lifetimes
are sorted into bins, a distribution of lifetimes can be
determined. Note that whenever there is a distribution of
donor/acceptor separations, there will be a distribution of
fluorescence lifetimes, even in the absence of crowding.
Unfortunately, measurement of very complicated lifetime
distributions is probably not feasible using current tech-
nology.
Energy transfer in the presence of soft-repulsive
and long-range attractive interactions
Because the protein-protein interactions dictating protein
distribution in an experimental system are seldom known, it
is important to determine how energy transfer is influenced
by the nature of the interaction potential. Here, energy trans-
fer in the presence of excluded-volume interactions will be
compared with energy transfer in the presence of long-range
attractions and repulsions. Purely repulsive and attractive-
plus-repulsive potentials were generated by a WCA decom-
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position (Chandler et aI., 1983) of an inverse-power-Iaw
potential (Abney et aI., 1989).
Here 0' (not to be confused with the acceptor concentration)
defines the zero crossing of the potential, and kBT gives the
depth of the attractive well in the attractive potential. These
two potentials approximate the weak, long-range attractions
and soft repulsions predicted to act between proteins in bi-
layer membranes (Abney and Scalettar, 1993). Monte Carlo
simulations were run on 256 particles to generate protein
distributions at low (p* = per = 0.3) and high (p* = 0.8)
reduced densities; acceptor distributions and the quantum
yield were then computed as described for the excluded-
volume interactions. Acceptors were excluded from regions
within 0' of the protein centers.
The quantum yield at a given reduced density was nearly
identical for the two long-range potentials (data not shown),
despite the fact that the associated protein distributions differ
significantly at low density (Abney and Scalettar, 1993). This
suggests that the primary effect ofcrowding on energy trans-
fer is to enrich the acceptor population near the proteins,
thereby decreasing quantum yield. This enrichment is ob-
served for all potentials, so crowding always decreases quan-
tum yield.
DISCUSSION
The goal of this study was to develop a description of RET
between a donor site on a membrane protein and bilayer-
distributed acceptors for experimentally important donor-
acceptor geometries and biologically realistic protein con-
centrations. Previous studies have focused on energy transfer
from a single, centrally located donor to randomly distributed
lipid acceptors. From a practical viewpoint, the generality of
these expressions is limited because donor fluorophores are
often attached to proteins at noncentrallocations and because
acceptor positions can be significantly perturbed by the high
concentrations of membrane proteins. These two shortcom-
ings were addressed in the current study. First, general ana-
lytical expressions were derived describing energy transfer
from a donor arbitrarily located on a membrane protein to
randomly distributed acceptors in the absence of other pro-
teins. Second, Monte Carlo simulations were employed to
characterize the effects of crowding-induced changes in ac-
ceptor organization on energy transfer. The results of the
current study can be used directly in the interpretation of
experimental data, or to estimate the error in quantities de-
rived using the previous theories.
The influence of protein crowding on energy transfer was
simulated by populating part of the membrane with proteins,
and restricting acceptor coordinates to the remaining (lipid-
phase) regions of the membrane. Energy transfer is therefore
a function not only of acceptor concentration and protein
size, as in the single-donor case, but also of protein distri-
bution. In biological membranes, protein distribution de-
pends on many parameters, including protein concentration,
protein-protein interactions, and extramembranous attach-
ments. However, if the membrane is assumed to behave like
a simple two-dimensional fluid, then equilibrium protein po-
sitions can be simulated knowing only protein concentration
and the protein-protein interaction by using the standard Me-
tropolis et ai. (1953) Monte Carlo algorithm. The coordinates
generated by Monte Carlo simulation are indistinguishable
from those that would be observed in an equilibrated system
at the specified concentration and interacting through the
chosen potential.
The analytical results presented in this paper are essen-
tially exact within the confines of energy transfer theory.
However, the numerical results are subject to a few minor
caveats. Most serious among these is that, because the true
protein-protein, protein-lipid, and lipid-lipid interactions are
not known, the simulations had to be run using model po-
tentials. However, most of the results were generated using
excluded-volume interactions, which are known to repro-
duce the most important effects of interactions on protein
organization (Abney and Scalettar, 1993) and diffusion
(Scalettar and Abney, 1991). In addition, the energy transfer
results obtained for two very different inverse-power-Iaw
potentials were very similar to one another and to the results
obtained using the excluded-volume interaction; this sug-
gests that crowding effects on RET are dominated by protein
concentration, and not the precise interaction potential. For
this reason, the Monte Carlo results may also give a rea-
sonable description of membranes in which some fraction of
the proteins are immobile.
The distribution of fluorescence lifetimes was shown to be
capable of distinguishing between different sets of RET pa-
rameters yielding the same average lifetime. Accurate mod-
eling of lifetime distributions hinges on two assumptions.
First, the random fluctuations in acceptor positions must be
taken into account; this is because a different lifetime is as-
sociated with each configuration. All of the numerical simu-
lations in this paper properly treat acceptor fluctuations. In
contrast, because the analytical results were derived by as-
suming that the distribution of acceptors was continuous,
they can only yield an average fluorescence lifetime. Second,
the distribution of donors and acceptors should be approxi-
mately constant during the lifetime of the excited state; this
is equivalent to stating that the donors and acceptors should
not diffuse very far over a time scale equal to the fluorescence
lifetime. The root-mean-square displacement of a molecule,
rrms' undergoing two-dimensional Brownian diffusion is
given by the expression rrms = (4Dt)112, where D is the dif-
fusion coefficient and t is the time (Scalettar and Abney,
1991). Typical fluorescence lifetimes will be shorter than -4
ns. Similarly, typical diffusion coefficients for acceptors at-
tached to lipids in biological membranes will be -10-8
cm2js; diffusion coefficients for donors attached to mem-
brane proteins may be much smaller (McCloskey and Poo,
1986). These values predict that donors and acceptors will
typically move -1 A or less while the fluorophore remains
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s'1 = f··· fexp( - ;J~ exp[ -( T:)(~:r]
exp[- U({r})] dr ... drkBT 1 N
Fortunately, Eq. Alb can be simplified considerably. For a
APPENDIX
Analytical solution for energy transfer from an
eccentrically located donor
An analytical expression for the relative quantum yield of a
single eccentrically located donor in the presence of one or
two planes of randomly located acceptors can be derived
from Eqs. 3,4, and 7. The approach taken here parallels that
used by Wolber and Hudson (1979) for the special case de-
scribed by Eq. 9 and complements that recently adopted by
Yguerabide (1994). Consider first energy transfer to a single
plane of acceptors; in this case, the ensemble-averaged quan-
tum yield is given by
et aI., 1993; Corbalan-Garcia et aI., 1993), cytochrome bs
(Fleming et aI., 1979; Kleinfeld and Lukacovic, 1985), and
recently on the nicotinic acetylcholine receptor (Valenzuela
et aI., 1994) has attempted to account for lipid exclusion by
the protein bearing the donor. These studies were, however,
all subject to the approximations inherent in purely analytical
approaches.
RET distance measurements between specific protein sites
and the bilayer have contributed greatly to our understanding
of the geometry, orientation, and conformation of membrane
components. However, an accurate determination of inter-
molecular distances in membrane systems requires consid-
eration of the nonuniform distribution of acceptor lipids re-
sulting from protein-lipid and protein-protein interactions.
The analytical expression for energy transfer derived here
(Eq. 8) accounts for interactions between acceptors and the
protein bearing the donor. This equation is a good and con-
venient approximation at low protein concentrations, even if
two leaflets of the bilayer are labeled and the position of the
donor on the membrane protein is noncentral; this expression
becomes virtually exact if the component under study is re-
constituted at low protein-lipid ratios. However, in studies of
real biological membranes, in which the area fraction of pro-
tein usually exceeds 20% (Saxton, 1989), a numerical model
of energy transfer is needed to describe accurately the effects
of interactions among all components of the membrane.
(Ala)
(Alb)
where
where
s'1
(PDA(t» = r .of exp[-U({r})/kBTJ dr1 •• 0 drN
in an excited state. Such small-scale motions should not pre-
clude comparison with lifetime distributions predicted from
static donor/acceptor configurations.
Computational limitations necessitated performing the
Monte Carlo simulation in two steps, with proteins equili-
brated first as interacting particles and lipids equilibrated
second as noninteracting (ideal) particles. This two-step pro-
cedure requires justification, since ideally one would equili-
brate both components simultaneously to account for all in-
terparticle interactions. This procedure can be justified by
noting that the protein-protein interaction used in the simu-
lation of protein positions can be assumed to represent an
"effective" interaction that formally includes the effects of
protein-lipid and lipid-lipid interactions (Abney and
Scalettar, 1993). For this reason, the protein positions
accurately reflect the presence of the lipids. Moreover,
the positions of labeled lipids can be assigned randomly
without introducing error because the total area fraction
of labeled lipids is so small (::52%). A two-step equili-
bration process can also be justified on dynamic grounds.
Membrane proteins typically diffuse much more slowly
than membrane lipids. Consequently, lipid molecules
probably quickly re-equilibrate in response to any
changes in protein distribution.
A number of checks were performed to confirm the va-
lidity of the simulation results. First, it was shown that the
particle distributions (measured by g(r» used in the calcu-
lations were identical to those for distributions equilibrated
for 10 times more and 1/10 as many steps, ensuring that the
particles were properly equilibrated before data were col-
lected. Second, the cell in which simulations were run always
extended farther than the correlations displayed in the dis-
tribution functions, ensuring that particles could not interact
with themselves through the periodic boundaries. Finally,
there were always at least 256 proteins and 256 lipids, en-
suring that fluctuations arising from small numbers of par-
ticles were minimal.
The model presented here permits quantification of the
effects of protein and lipid distribution on energy transfer
between a protein-bound donor and the lipid bilayer. The
amount of energy transfer is affected by lipid exclusion from
various regions of the membrane. The most significant effect
on energy transfer is due to lipid exclusion by the protein
bearing the donor; this always reduces energy transfer be-
cause acceptors are pushed away from the donor. In contrast,
lipid exclusion by other proteins in the membrane invariably
increases energy transfer because acceptors are pushed to-
ward the protein bearing the donor. Neglecting excluded area
will thus introduce significant error into energy transfer mea-
surements; the error is especially severe if the donor is at-
tached to a large protein, as was the case in RET studies of
the chloroplast coupling factor, the IgE-FcERI receptor com-
plex, and the nicotinic acetylcholine receptor (summarized in
Mitra and Hammes, 1990; Zheng et aI., 1991; Johnson et aI.,
1990). Although RET has been used to characterize the struc-
ture of over a dozen membrane components, only work on
the (Ca2+-Mg2+)-ATPase (for a summary see Stefanova
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hard-disk protein, the lipid-protein interaction UW}) is zero
over allowed donor/acceptor separations; the exponentials
involving U({;}) thus equal unity for these separations.
Furthermore, for a single plane of acceptors, the integrations
over all N donor/acceptor pairs are independent and identical.
Consequently, Eq. Alb can be rewritten as
(P(t» = exp( -t!'r)[J(t)]N (Ala)
integrals analytically whenever possible yields
J(') ~ 1 + 1{f[ 2n(H' + Rp (A6a)
where J(t) is defined as
f exp[ -(t/T)(Ro/r)6] dr
J(t) = f dr (Alb)
where a is given by Eq. Be and
A = tIT
0' = NI[7T(R~ - R~)]
(A6b)
(A6c)
rmin,max(6) = {IP + R~iecos 6 - (I - e2sin26)1/2]}ln (A3c)
/(6) can be rewritten by introducing the change of variables
X = (t/T)(RrJr)6 and integrating by parts. The result is
(A8)
(A7)lim(1 + ~)N = eO
N~oo
The expression for J(t) can now be substituted back into
Eq. Ala to determine (P(t». In the limit that Rd --7 co, the
number of acceptors N also becomes large. Making use of
the expression
where J3 is given by Eq. 8d.
Eq. A8 describes the quantum yield for energy transfer
from an eccentric donor to a single plane of randomly dis-
tributed acceptors; the generalization to describe energy
transfer to two planes of acceptors is straightforward. Eq. Al
becomes a product of two different integrals, one for each
leaflet. Each integral is raised to a power given by the number
of acceptors in the associated leaflet, and both integrals are
identical except for the limits of integration, which reflect the
difference in bilayer separation (H --7 H + Lin Eq. A3c for
the leaflet farther from the donor). The integrals are evalu-
ated as described above for the single-leaflet case. The final
result is a product of exponentials, which can be rewritten as
an exponential of a sum, yielding Eq. 8 in the text.
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(A4)
(A3a)n" /(6) d6J(t) = 7T(R~ - R~)
where
The remainder of the derivation consists primarily of sim-
plifying Eq. Alb.
The integrals in Eq. A2b can only be partially evalu-
ated. The integral in the denominator is simply the area
occupied by acceptors, which equals the area of the an-
nulus bounded by Rp and Rd, 7T(R~ - R~). To evaluate
the integral in the numerator, it is convenient to introduce
a polar angle 6 as defined in Fig. I B; this facilitates the
determination of the angle-dependent limits of integra-
tion on the donor/acceptor separation, r. For each 6, the
minimum and maximum values of r, which are deter-
mined by H, Rp, and Rd, can be calculated using the Law
of Cosines. The integral in the numerator can then be
written
where -y(2j3, xp,J is the variable-limit gamma function de-
fined by Eq. 8b, and Xp and Xd correspond to X evaluated at
rmin and rmax' respectively. The arbitrary limit, Rd, on acceptor
positions can be relaxed by taking the limit Rd --7 co, which
yields
Substituting Eq. AS back into Eq. A3a and evaluating
/(0)
= -~(~yl3R~[X;lI3exp(-Xp ) - Xd l13 + ~G, Xp ) ]
(AS)
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